We show that the classical Shinbrot's criteria to guarantee that a Leray-Hopf solution satisfies the energy equality follows trivially from the L 4 ((0 , T ) × Ω)) Lions-Prodi particular case. Moreover we extend Shinbrot's result to space coefficients r ∈ (3, 4) . In this last case our condition coincides with Shinbrot condition for r = 4, but for r < 4 it is more restrictive than the classical one, 2/p + 2/r = 1 . It looks significant that in correspondence to the extreme values r = 3 and r = ∞, and just for these two values, the conditions become respectively u ∈ L ∞ (L 3 ) and u ∈ L 2 (L ∞ ), which imply regularity by appealing to classical Ladyzhenskaya-Prodi-Serrin (L-P-S) type conditions. However, for values r ∈ (3, ∞) the L-P-S condition does not apply, even for the more demanding case 3 < r < 4 . The proofs are quite trivial, by appealing to interpolation, with L ∞ (L 2 ) in the first case and with L 2 (L 6 ) in the second case. The central position of this old classical problem in Fluid-Mechanics, together with the simplicity of the proofs (in particular the novelty of the second result) looks at least curious. This may be considered a merit of this very short note.
Introduction
We are interested on the energy equality for weak (Leray-Hopf) solutions to Newtonian incompressible fluids
in Ω × (0, T ) , u = 0 , on ∂Ω × (0, T ) , u(·, 0) = u 0 , in Ω ,
where Ω is a bounded, smooth domain. The energy equality reads
In reference [3] M.Shinbrot shows that if a weak Leray-Hopf solution u to the Navier-Stokes equations (1.1) satisfies then u satisfies the energy equality. This result is a generalization of previous results due to G.Prodi [2] and J.L.Lions [1] , where these authors proved the above result for p = r = 4 . For convenience we write the condition (1.2), (1.3) in the equivalent form
Recall that Leray-Hopf solutions verify u ∈ L ∞ (0, T ; L 2 (Ω)) ∩ L 2 (0, T ; W 1,2 (Ω)) . In particular u ∈ L 2 (0, T ; L 6 (Ω)) . Below we prove the Theorem 1.1. It is worth noting that item (i) is the well know Shinbrot result. But our proof, obtained by a trivial reduction to Lions-Prodi result, is simpler and more significant. Item (ii) looks completely new. We refer the reader to the remarks made in the abstract. 
. Assume that u satisfies one of the two conditions below: Then u satisfies the energy equality
for any t 0 ∈ [0, T ).
Proof. Proof of item (i):
We appeal to u ∈ L ∞ (L 2 ). By interpolation we show that
By integration in (0, T ) one easily proves that the estimate
holds. The energy inequality follows from Lions-Prodi result.
Proof of item (ii):
Now we appeal to u ∈ L 2 (L 6 ). Again by interpolation we show that .
The thesis of item (ii) follows.
Let's comment on the above results. First of all note that the results in item (i) and (ii) glue perfectly for the common value r = 4. Furthermore, the Shinbrot number 2/p + 2/r, which is equal to 1 in item (i), is given in item (ii) by 2(r−2) r . This number decreases with r , and is less than the classical value 1 , for r < 4. Note that, at least formally, larger is the Shinbrot number better is the result.
Another main remark is the following. It is well known that if a Leray-Hopf solution u satisfies the so called Ladyzhenskaya, Prodi, Serrin (LPS) condition, namely u ∈ L p (0, T ; L r (Ω)) , then u is smooth. In this case the energy equality follows from the smoothness. Hence it is worth noting that the conditions imposed in the above two items do not fail inside the range of the LPS condition, for 3 < r < ∞. Furthermore, and this fact is particularly significant, the extremal values r = ∞ in item (i) and r = 3 in item (ii) lead respectively to u ∈ L 2 (L ∞ ) and u ∈ L ∞ (L 3 ) , which are two (quite particular) cases of LPS condition.
